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A 2-ADIC CONTROL THEOREM FOR MODULAR CURVES 


NARASIMHA KUMAR 


Abstract. We study the behaviour of ordinary parts of the homology modules 
of modular curves, associated to a decreasing sequence of congruence subgroups 
ri(A^2'’) for r > 2, and prove a control theorem for these homology modules. 


1. Introduction 

Hida theory studies the modular curves associated to the following congruence 
subgroups, for primes p > 5 and (p, N) = 1, 

■■■cri(Ap’')c---cri(Ap). (*) 

Let Yr denote the Riemann surface associated to the congruence subgroup ri(Ap’'). 
One of the important results in Hida theory [5] is that the projective limit of ordinary 
parts of the homology modules, i.e., := is a free A-module 

r 

of hnite rank and 

for all r > 1, where denotes the augmentation ideal of Z[[l + p'’Zp]] and A = 
Zp[[l +pZp]]. In lU, Emerton gave a proof of these results above for primes p > 5, 
using algebraic topology of the Riemann surfaces U- 

Emerton’s proof for p > 5 holds for p = 3 with N > 1 verbatim, but for p = 2 we 
show that similar results hold only after passing to smaller congruence subgroups. 
Moreover, there is no restriction on N, i.e., N can be equal to 1 (unlike when p = 3) 
(cf. Theorem 15.21 in the text). As a consequence of these results, we proved control 
theorems for ordinary 2-adic families of modular forms, see |2]. Some amount of 
calculations will be omitted and the reader should refer to those in [1] for more 
details. 


2. Preliminaries 

Throughout this note, let p = 2, g = 4, and N E N such that (p, V) = 1. We 
look at the modular curves associated to the following congruence subgroups 

■■■cri(Ap^)c---cri(Ag). 

If we take the homology with Z-coefficients of the tower of modular curves, we get 
a tower of hnitely generated free abelian groups 

-^ ri(Ap’’)^'’^-(2.1) 

because for r > 2, Hi(ri(Ap’’)\]HI, Z) = ri(Ap^)®''’, where El denotes the upper 
half-plane. To understand fl2.ip . we introduce the congruence subgroups for r > 2: 

4>2 = ri(Ag)nro(p’'). 
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Clearly, we have ri(iVp'’) C C ri(iVg) and ri(A?’p'') is a normal subgroup of 
For r > 2, we define F^ := Ker (Z^ -» (Zp/p^Zp)^), which is a subgroup of F 2 with 
index Set F ;= F 2 . 

We dehne a morphism of groups 

$2 ZI 4 r/F, 

via the formula 

( 2 d) —^dmodF,. ( 2 . 2 ) 

Lemma 2.1. The map rjr is surjective. 

Proof. Given a d G F/F^, we can take a lift d of d of the form 1 + kqN for some 
fc G Z, because for any a, /3 G F, a = /3 (mod F^) if and only \i a — (3 G p^’Zp. 
Now, take c to be Np^. Clearly (c, d) = 1, and hence there exists a,b & 7^ such that 
ad — be = 1. We see that a=(“^)G<F^ and Pr(u) = d. □ 

Remark 2.2. The restriction of to $2 nF°(p), which we denote by Res(pr), is 
also surjective onto F/F^. Moreover, we have the following commutative diagram 


$ 2 nF 0 (p)^F/F„ 

where the group F°(p) = {(2 d) ^ SL 2 (Z) | 6 = 0 (mod 2)} and t = ( 0 °). 

By Lemma 12.11 we have the following short exact sequence of groups 

1 ^ Fi(Arp") ^ ^ T/Tr 1. 

The action of on Fi(iVp^) by conjugation induces an action of <F^/Fi(iVp^) = 
F/Fr on Fi(iVp'')®'^. Thus F acts naturally on Fi(iVp'')®'’^. The morphisms in the 
chain 

-^ Fi(iVp")^^ ^-^ Ti{Nq)^'= 

are clearly F-equivariant. 

If r > s > 1, we denote by the subgroup of containing Fi(N'p^) whose 
quotient by Fi(N'p^) equals Fs/F^, i.e., := Fi(iVp'^) nFo(p^). Moreover, we have 

Fi(Arp'')‘^^ ^ ^ r,/F^ ^ 1 . 

For any s > 1, let 7 ^ denote a topological generator of F^. Then the augmentation 
ideal of A = Zp[[F]] is a principal ideal generated by 7 ^ — 1. Similarly, for i > 0, 

F^+j = (yf ) and o^+i = {pf — 1). Clearly, for any r > s > 1, the augmentation 
ideal of Z[Fs/Fr] is a^,, and 

a,Fi(iVp'-)'^'’ = [<F*,Fi(iVpO]/[ri(iVp’-),Fi(iVp’')] C Fi(iVp’')"", 

and the last inclusion follows since Fi(A^p’’) is a normal subgroup of <F®. The 
extension 


1 ^ Fi(iVp’')/[<^>2,ri(iVp'')] ^ <h2/[<I>^,Fi(iVp'-)] ^ F,/F, ^ 1 

is a central extension of a cyclic group, thus the middle group is abelian, implying 
that 


= |4:,ri(]Vp’-)], 
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The equality holds because of 3 ri{Np'^) and the fact that the commutator 
subgroup of the group ri(iVp^)] is trivial. 

Remark 2.3. The following diagram is commutative 

'j-=nrO(p) i 

ri(Ap’')nro(p) ^ rpvp’') 

Ik 
ru 

The diagonal map is an isomorphism, by Remark\2fM Since Ts/r^ is finite, we see 
that the inclusion i is an isomorphism. This remark is useful in proving Lemma lSTSi 

To prove Theorems 14.11 and 15.21 we need to understand the images of these 
morphisms 

in the chain of homology groups as in fl2.ip . Unfortunately, we do not have a good 
characterization these images for r > s > 1 in general, and so we cannot get a good 
description of the projective limit. This morphism can be factored as 

^ TfiNpy^/as -A ^ 

and the problem is that the second and third morphisms may not be isomorphisms, 
in general. 

Hida observed that if one applies a certain projection operator arising from the 
Atkin U-operator to all these modules then they become isomorphisms, in which 
case we have a good control over the images of the morphisms in fl2.ip . So we now 
dehne the Atkin U-operator and study their properties. 

3. HECKE OPERATORS 

Suppose G, H are two subgroups of a group T, and f G T such that [G : t~^Ht fl 
G] < cxo. Then one has 

G’^'^ {r^Ht n G)’^'’ (R n tGr^f^ —^ 

where V is the transfer map, the isomorphism is given by conjugating with t, and 
the last morphism is induced by if fl tGt~^ ^ H. Taking the composition of all 
these we obtain a morphism 

[t] : G’^’^ ^ 

the “Hecke operator” corresponding to t. 

In our case, take T = GL 2 (Q), G = H = a. congruence subgroup of SL 2 of level 
divisible by p, and t = (op)- We denote the corresponding Hecke operator by U 2 . 
For A= (“ rf) G we see that 

‘‘"d tAt-'^ Cp/f). 

Remark 3.1. Observe that (1,1), {2, 2)-entries of A and ofO^^At^^ are the same. 
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It is easy to see that fl = <I>^ fl r°(p), <I>^ n where the 

group r‘’(p) is as in Remark I2.2[ Thus, the Atkin t/-operator (resp. t/'-operator) 
is by dehnition the composition 


ab _ Y_ 


(<h^ n r°(p))^^ 




ab 

^r+1 


ab 


(3.1) 


(resp., the composition of the hrst two of above morphisms). 


Lemma 3.2. Suppose that r > s > 1, r' > s' > 1, r > r', s > s', so that d)® C <h®(. 
Then the following diagram commutes 


^5 ab 


<f)S' ab 
r' 


U' 


U' 


$ 


s ab 
r+l 


$ 


s' ab 
r'+l* 


Thus, the Atkin U-operator commutes with the morphism —)■ 

Proof. The proof is similar to the proof of [H Lem. 3.1]. The hnal statement 
follows from fl3.ip . since the Atkin [/-operator, by dehnition, is the composition of 
[/'-operator and the morphism induced by the inclusion of groups $*+1 C <h®. 

□ 


Corollary 3.3. For r > s > 1, each is a Z[[/]-mod'u/e via the action of U 
and morphisms between these modules (arising from the inclusions) are morphisms 
of 'L\U]-modules. Hence, the cokernels of these morphisms acguire a Z[[/]-modn/e 
structure. 


Suppose TT denote the morphism vr : and vr' for the morphism 

tt' : Then, by Lemma we have 

[/'o7r = 7r'o[/' = [/eEndz(<I>r'’)- (3-2) 

By the dehnition of [/', we see that vr o [/' = [/ g Endz(<I)®f:’(). 

By Corollary 13.31 the cokernel of the morphism —)■ for r > s > 1, 

is a Z[[/]-module and this cokernel is isomorphic to the group Tg/Tr. Hence, the 
group T^/Tr is a Z[[/]-module. Observe that = Ti^Np'"). 

Lemma 3.4. The operator U acts on T^/T^ as multiplication by p. 


Proof. The operator U acts on Ts/Tr as a multiplication by p if and only if it acts on 
as A HA A^. The operator U is the composition of the following morphisms: 


ab 

_ 


^ (ri(Ap’-)nro(p))‘ib 


t—t 


A 


AP 


ab 

^r + l \ 

ab 


0 

cr 

J 


(3.3) 

tAPt-^ ^ 

-A tAPt-\ 



Let {uj = (0 be the coset representatives of the group 4)® O r°(p) in 4>®. 

If we use these representatives to dehne the map in 03.31) . then the transfer map 
looks like A ha- Ap. By Remark 13.11 tAPt~^ and Ap represent the same coset mod 
ri(A^p'’)'^^ and hence we are done. □ 
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We would like to define an action of F on and call it the nebentypus action. 
This can be done as follows: For r > 2, if d G F/F^, then choose an element 
a = (cd) of SL 2 (Z,) such that | c and p \ b, i.e., a G ^r+i r°(p)- Such an a 
exists, because 

n r%p) ^ F/F,+i ^ F/F,. 

The nebentypus action of d on is given by conjugation by a. This action is well- 
dehned because if ai and 0:2 denote two lifts of d, then a^^a 2 G Fi(A^p^+^)nF°(p) C 
and hence for any element x G 0 ^^ 02 x 02 ^ 0:1 = x in Now we shall 

show that the actions of U and F commutes. 


Lemma 3.5. If r > s > 1, the actions of U and F commutes on 

Proof. Though the proof of this lemma is similar to the proof of [U Lem. 3.5.], here 
we make some remarks in between, hence we briefly recall its proof. It is easy to see 
that a(<F^ fl F°(p))q;“^ = fl F°(p) for any o G fl F°(p), since C <F^. 

Look at the following commutative diagram 


$ 


s ab 


<F 


s ab 


V 


(<F* n F°(p))^’’ 


t-t- 


ab 

^r+l 


y 

(q;(<F^ n F°(p))Q;“b^^ = (‘^’r hi F°(p))'^*’ 

ata~^ 

ks l\ab _ /Tks ab 


$ 


s ab 






The top square in the diagram above commutes because if { 71 ,... , 7 ^} form a set 
coset representatives for the group d>^nF°(p) in d>^, so is the set { 0 : 710 :“^,..., 0 '')q 0 ~^} 
Observe that, this diagram commutes even if a G nF°(p). The last square com¬ 
mutes by the functoriality of the transfer map. 

We now prove the commutativity of the middle square, i.e., the map 

oto-^{-)ot-^o-^ : (<F* n r%p)y^ (3.4) 

is t — t~^. If G <F^ n F°(p), then 

oto~^got~^o~^ = {oto~^t~^)tgt~^{oto~^t~^)~^. 

Since oto~H~^ G Fi(N'p'’+^) for o G ‘Fj+i O F°(p), we see that the conjugation by 
oto~^t~^ induces identity on (because elements of $^+1 do commute in 4 *^+ 1 ). 

In the above diagram composition of the vertical morphisms on either side are the 
operator U and it commutes with the automorphism of induced by conjugation 
by a, but we know F acts on <F^ by conjugation by such elements o. □ 

Observe that the inclusion Fi(A^p^) C <F^ gives rise to the another transfer map 

Lemma 3.6. The transfer morphism 1/ : ^ Fi(N'p'’)^^ commutes with the 

action of U on its source and target. 
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Proof. It suffices to prove that the following diagram (in which V denotes the trans¬ 
fer maps between various abelianizations) commutes: 


$ 


s ab 


V 




r ab 


V 


(d)^ n rO(p)) 


ab 


V 




ab 


t—t 


/fjS ab 
^r+1 


V 


t—t 




The top square in the diagram above commutes because of functoriality of the 
transfer map. The commutativity of the bottom square follows by the following 
calculation. 

If (Trf = {cd)y where d runs through coset representatives of T^ in T^, forms a set 
of coset representatives for the group ri{Np'^) fl T^{p) in n T^{p), then so are 
to'dt~^ = {cp ^^d) group ri(A^p^) in <l>^ (by Remark 1^75]) . □ 

In this section, we have dehned the t/-operators for the congruence subgroups 
{d*®} and proved that morphisms between these congruence subgroups respects the 
action of U and this action commutes with the action of T. 


4. Ordinary parts 

Let R be a commutative hnite Zp-algebra and f/ be a non-zero element of A. It 
well-known that A factors as a product of local rings. Let denote the product 
of all those local rings of A in which the projection of f/ is a unit. This is a flat 
y4-algebra. 

Let M be any module in the abelian category of Zp[X]-modules which are hnitely 
generated as Zp-modules. In this case, we take A to be the image of Zp[X] in 
Endzp(M), which is a hnite Zp-algebra, and U to be the image of X. We dehne 

■=M®a 

and call this the ordinary part of M. Observe that taking ordinary parts is an exact 
functor on our abelian category. 

If we consider X to be the [/-operator corresponding to the prime p, we may 
consider the ordinary part of the Zp-homology of the curve W, i.e., the module 
(ri(iVp’')®'’’ (g) Zp)™*^, which is a T-module by Lemma 
We have the following theorem for the prime p = 2, which is similar to Theorem 
3.1 in [3] for p > 5 and for the congruence subgroups ri(iVp^) for r > 1. 

Theorem 4.1. If r > s > 1, then the morphism of abelian groups 

{T,{Npn ® Zp)”Va, ^ (ri(iV/) ® Zp)”'' 

is an isomorphism. 

Proof. We shall show that 

(ri(iVp'-)"'’ (g) Zp)'’'’''/a, ® Zp)'^’-'' ^ (ri(iVp^)'^'’ Zp)'’’’''. (4.i) 

If TT : ^ is the morphism induced by the inclusion 4)® C fhen 

u' 0 71 = u e End(4)^'^'’), 71 oU' = U e End(4)^^'(). 
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By Lemma [3.21 we have the following diagram 



,f,s ab ^ ab 
^r +1 


The existence of U' implies that upon tensoring over Zp and taking the ordinary 
parts TT induces an isomorphism (and U~^ o U' provides an inverse to vr) 

(g) Zp)”^ = (g) Zp)”^. 

By induction on r, we obtain the second isomorphism in fl4.ip . i.e., 

«) Zp)”'^ = (8 Zp)”-^ = (ri(Arp^)"’’ (g) Zp)”^ 

To prove the hrst isomorphism consider the short exact sequence 

1 ^ ri(iVp’')"Va, ^ ^ (r./T,) ^ 1 . 

By tensoring this sequence with Zp and then taking the ordinary parts to obtain 

1 ^ (ri(Arp^)"‘’ 0 Zp)°''Va. ^ (‘hr*’ o Zp)”** ^ (r./r.)”'^ ^ i, 

because Zp is flat as a Z-module and ordinary parts preserves exactness. By 
Lemma 13.41 the operator U acts on Ts/T^ as multiplication by p and so is a nilpo- 
tent operator, as Ts/Tr is a p-torsion group. Thus (Ts/Tr)”^ = 0, and hence the 
Theorem follows. □ 


5. IWASAWA MODULES 

We have the following inverse system indexed by natural numbers r > 2, 

-^ ri(iVp")'^*’ 0 Zp ^-^ ri(iVp2)'^b ^ 

Dehne the Iwasawa module by 

W := 1^ ri(iVp^)'^'^0Zp. 

r >2 

The prohnite group T acts on the Zp-module ri(iVp^)'^'^ 0 Zp through its hnite 
quotient T/T^. Thus the Iwasawa module W becomes a module over the completed 
group algebra 

A:=Zp[[r]] = i^Zp[r/r]. 

r >2 

Though the Iwasawa module W is difficult to understand, by Theorem 14.11 we 
can understand the ordinary part of W very well. To make the statement clear, let 
us slightly abstract the situation. 

Let {Mr}r >2 be a system of A-modules. Further, assume that each Mr is point- 
wise hxed by T^ and hence a module over A/o,.A = Zp[r/T^]. For each r > s > 2, 
we have a map Mr Mg such that it factors via 

Mr/Clg-Mr —^ M.g. 
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Define W := M^. We have a collection of maps W —>■ for each r >2 and 

they factor as 


^ Mr. 


Proposition 5.1. Assume that each Mr is p-adically complete and for each r > s > 
2, Mr/dsMr —)■ Mg is an isomorphism. Then WjaAW Mg is an isomorphism. 


Proof. For r > s > 2, the maps Mr —)■ Mg are surjective, and hence the canonical 
map from W —)■ Mg is also surjective. We shall show that the kernel is agW. 

Since each Mr is p-adically complete and is point-wise hxed by F^, we have 
Mr = l^m . Mr/n^Mr, where F^ = (y^) and n = (y^ — l,p), i.e., each Mr is n-adically 
complete. 

By induction on i, we get that yf* — l/y^ — 1 G (ys — l,p)h In particular, we have 
72 -l/y 2 -l G m = (y 2 -l,p). Hence, C ((y 2 -l)P''~^p) C n C m = ( 02 ,p). 

As a result, we see that each Mr is m-adically complete, since they are n-adically 
complete. Once we have that each Mr is m-adically complete, then proving the 
injectivity of the above map is quite similar to the proof of [U Prop. 5.1]. □ 

The following Theorem is an immediate consequence of the Proposition above. 


Theorem 5.2. For any r >2, we have 
is the Tr-co-invariants o/W”'^. 

Proof. This follows from Proposition 15.11 together with Theorem 14.11 □ 

The above Theorem is a key ingredient for the proof of the Theorem 15.31 The 
A-module is a compact A-module (under the projective limit of the p-adic 

topologies on each module Fi(A^p'’)^’’ (g) Zp, which are free of hnite rank over Zp, 
and also since is a direct factor of W). 

Furthermore, Theorem 15.21 implies that the projective limit topology on 
coincides with its m-adic topology (where m = (a 2 ,p) C A denotes the maximal 
ideal of A), because the kernels of the projections A —)■ Zp/p'’Zp[F/Fr] are co-£nal 
with the sequence of ideals in A. Thus is a A-module, compact in its 

m-adic topology such that 

W”Vm = W“V(a2,p) = ® Zp/p)”'^ 

is a hnite dimensional Zp/pZp-module, of dimension d (say). By Nakayama’s lemma, 
we have that is a hnitely generated A-module with a minimal generating set 

has cardinality d. We have the following theorem for the prime p = 2, which is 
similar to the main theorem in [3j for p > 5. 

Theorem 5.3 (Main Result). The module is free of finite rank over A, and 

its A-rank is equal to d. 

As a corollary, we see that, for r > 2, the Zp-rank of the free Zp-module 
(Fi(A’p'’)'^’’ 0 Zp)™*^ is d. In particular, these Zp-ranks are independent of p'’ in 
the level. Using this result, we have proved control theorems for ordinary 2-adic 
families of modular forms, see [2]. The classical versions of this theorem for p = 2, 3 
do not seem to be explicitly available in the literature, though an adelic version of 
it can be found in [1]. 
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6. Reflexivity results 

To prove Theorem 15.31 it enough to show that W°’’^ is a reflexive A-module |S] . 
We show this by considering the duality theory of the modules (ri(A’p^)®'’’ < 8 ) 
and showing that they are reflexive as Zp[r /T^j-modules. Now, we briefly recall the 
notion of reflexivity, and the necessary results. For more details, see |I1§6|. 

Suppose that R is a commutative ring, G is a finite group, and M is a left R[G]- 
module. Let N be any R-module. Then Hom^(M, N) is a right R[G]-module, 
via 

Since the ring R[G] is naturally a bi-module over itself, via the ring multiplication, 
R[G] (8)r N is an R[G]-bi-module, making Homij[G](M, R[G] N) a right R[G]- 
module. 

Lemma 6.1 ([I]). There is a canonical isomorphism of right R[G]-modules 

Hom«(M, N) = Hom«[G](M, R[G] 0 ^ N). 

In particular, when N = R, we see that M* and Hom/j[G'](M, R[G]) are canoni¬ 
cally isomorphic as right R[G]-modules, where M* := Homj:j(M, R), the R-dual of 
M. The analogue of the above lemma for right R[G]-modules is also true. Hence, 

HomH(M*,R) = HomK[G](M*,R[G]). 

are canonically isomorphic as left R[G]-modules. 

By definition of M*, there is a natural morphism of R-modules M —)■ Hom/^(M*, R), 
which is also a morphism of left R[G]-modules. If this natural morphism of R- 
modules is an isomorphism, then we say that M is a reflexive R-module. Thus we 
have proved: 

Lemma 6.2. If M is a left R[G]-module which is reflexive as an R-module, then 
M is reflexive as an R[G]-module. 

The crux of this Lemma is that to check the reflexivity of R[G]-module M over 
R[G], it is enough to check it over R. Now we need to understand how to use the 
reflexivity results for modules over 'Lp\r/Tf\ to show the reflexivity of W°’’^ as a 
A-module. 


7. Proof of Theorem 15.31 

For r > 2, and G N such that (p, N) = 1. We define the cohomology of W as 

Hi(W, Zp) := Homz(Fl(iVpO'^^ Zp) = 0 Z^, Zp). 

The ring A acts on 0 Zp through its quotient A^ := A/a^ = Zp[F/Fr]. 

More generally, if r > s > 1 then the ring A^ is equal to A^/Os, hence A^ A^. 
Thus we get the following sequence of morphisms of A^-modules 

HomA,(Fi(Arp'')‘^b ^ ^ HomA,(Fi(Arp'')'^b 0 Zp, A,)/a, 

^HomA.(Fi(iVp’’)"*’ 0 Zp,A,) = HomA.(Fi(iVp ^)"'’0 Zp/a„ A,). 

If M is any Zp[[/]-module, which is finitely generated as a Zp-module, then so is the 
Zp-dual M* := Homzp(M, Zp). Here M* is a Zp[R]-module via the dual action of U. 
Clearly i.e., taking ordinary parts commutes with duals. Thus 
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we may take ordinary parts of the above diagram of homomorphisms to obtain a 
diagram 

HomA^((ri(iVpO"" o ’^pT^K) HomA^((ri(iVpO"" o 'L,r\K)/as 

HomA.((ri(iVp’-)'^" 0 A,). 

By Theorem 14.11 we have 

HomA.((ri(iVp^)"" 0Zp)”",A,) HomA.((ri(iVp’-)"'’ 0Zp)°'-",A,)/a, 

^ HomA.((ri(iV/)'^" 0 'Lpr\ks). 

Lemma 7.1. The morphism 

HomA,((ri(iVp'-)'^'’ 0Zp)”^A,)/a, ^ HomA,((ri(iVp*)'^'’ 0 Zp)”'', A,) 

is an isomorphism. 

Proof. By Lemmawe may restrict V to the ordinary parts to obtain a morphism 

0 Zp)”-^ A (ri(Arp^)"'^ 0 Zp)”^ 

Look at the following commutative diagram 

Homzp((ri(A^p^)^*’ 0 Zp)”'^,Zp) —^ HomA,((ri(A^p’')'"‘’ 0 Zp)”'^, A^) 

y* 

Homzp((<h^^*’ 0 Zp)”^,Zp) HomA,((ri(A^p'')'''" 0 Zp)”^, A^)/a5 

i HomA,((ri(A^p'’)^’’0 Zp)“^/as, AJ 

i 

B.om^^{{Ti{Np^)^^ 0 Zp)”'^, Zp) —^ HomA,((ri(A^p®)'"*’ 0 Zp)”*^, A^) 

in which the two horizontal isomorphisms are those provided by Lemma 16^ because 
Ar = Zp[r/rr]. The hrst vertical map V* is the dual morphism of V and the two 
vertical isomorphisms are a part of Theorem 14.11 and its proof. 

Now to prove the Lemma, it suffices to prove that 

Hom^^((ri(iVp^)"^ 0 Zp)”^ Zp) ^ Homz,((<l>r'’ ® Zp)”^ Zp) (7.1) 

is surjective and kernel(f4*) = asHom 2 p((ri(A’p^)'^'^ 0 Zp)”'*,Zp)). 

Since V commutes with U and taking ordinary parts commutes with taking Zp- 
duals, the morphism in fl7.ip is the ordinary part of the morphism 

Homz,(ri(iVp’')"'’ 0 Zp,Zp) ^ Hom^^(<h^"'^ 0 Zp,Zp). (7.2) 

Now, it suffices to show that the morphism V* in fl7.2l) is surjective with kernel 
equal to asHom 2 p((ri(A’p^)^*’ 0 Zp),Zp), since taking ordinary parts is also exact 
and commutes with the action of T. But, this claim was proved in PQ §8] for torsion- 
free groups H and G such that HOG, instead of ri(A'p'') C 4)^. Observe that, 
when p = 2 and r > s > 2, the groups ri(A^q') and are torsion-free, since ri(M) 
is torsion free for all M > 3. □ 
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We now have all the information needed to prove Theorem 15.31 Consider the 
chain of A-modules 

-^ HomA,((<h;"" 0 -1 Rom^^iiT.iNqr^ 0 

Lemma 7.2. There is a canonical isomorphism 

HomA(W”^ A) = lmHomA,((ri(Arp")‘^'^ 0 Zp)”^, A,). 

r 

Proof. We have the following canonical isomorphisms 

HomA(W”^ A) = l^HomA,(W”Var, A,) = 1^ HomA,((ri(Arp-)"'^ 0 Zp)”^ A,), 

r r 

where the last isomorphism follows from the Theorem 15.21 □ 

Proposition 7.3. Forr > 1, there is a canonical isomorphism 

HomA(W“^ A)/a, = HomA,((ri(iVpO"'’ O Zp)”^ A,). 

Proof. The claim follows from Lemma 17.11 Lemma 17.21 and Lemma 15.11 □ 

Theorem 7.4. The module is A-free. 

Proof. Since any finitely generated reflexive A-module is free, it suffices to show 
that is a reffexive A-module. By Proposition 17.31 and Lemma 16.21 we have: 

HomA(HomA(W°''‘^, A), A) = l^m HomA(HomA^(W°’''^, A)/ar, A^) 

r 

= l^HomA.(HomA.((ri(iVp^)"" 0 Zp)“^ A,), A,) 

r 

= Im {TiiNp^'y^ 0 Zp)”^ = W”'^. 

r 

□ 
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